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Abstract
We study D-branes in the extended geometry appearing in exceptional field the-
ory (or exceptional generalised geometry). Starting from the exceptional sigma
model (an Ed(d) covariant worldsheet action with extra target space coordinates),
we define open string boundary conditions. We write down Neumann and Dirich-
let projectors compatible with the preservation of half-maximal supersymmetry by
the brane (building on previous work on the definition of generalised orientifold
quotients in exceptional field theory). This leads to a definition of D-branes, plus
their S-duals, as particular subspaces of the exceptional geometry, and provides an
opportunity to study D-branes in U-fold backgrounds.
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1 Introduction
T-duality relates Dp-branes to D(p ± 1) branes, interchanging Neumann and Dirichlet
boundary conditions on the string worldsheet. If one uses the doubled approach to the
string worldsheet [1–5], an elegant picture emerges whereby all Dp-branes can be viewed
as a single D-dimensional brane in the 2D-dimensional doubled target space: this can
then intersect with theD-dimensional physical subspace in different number of directions
in order to reproduce all standard p-branes [4, 6, 7]. In generalised geometry, [8, 9],
which underlies reformulations of supergravity such as [10] and the related formalism
of double field theory (DFT) where the spacetime coordinates are doubled [11–13], this
translates into the statement that D-branes are maximally isotropic subspaces of the
doubled tangent bundle [9,14]. The purpose of this paper is to study the corresponding
notion of D-branes in the exceptional geometry that appears in exceptional generalised
geometry [15–17] and exceptional field theory (ExFT) [18–26]. We will combine insights
from the exceptional sigma model [27,28] and from the realisation of orientifold quotients
in exceptional field theory [29]. As O-planes and D-branes appear in type II theories
alongside each other, we will use the realisation of the former as fixed points under
reflections by Z2 ⊂ Ed(d) to write down projectors onto Dirichlet and Neumann directions
in exceptional geometry. To ensure that we are describing D-branes, we will require
compatibility with a string charge or string structure that appears in the exceptional
sigma model. The crucial underlying feature common to both the orientifold and D-
brane projections is compatibility with an Ed(d) half-maximal structure [30]: thus we
can think of D-branes as defining what we might call half-maximal subspaces of the
exceptional geometry.
2
1.1 Extended sigma models
We will begin with a string worldsheet action which corresponds to the doubled sigma
model of [4, 5] (see also [31]) and also to the exceptional sigma model of [27, 28]. Some
notation: σA = (σ0, σ1) are worldsheet coordinates. Target space coordinates, which are
worldsheet scalars, come in two varieties: “external” Xµ, µ = 1, . . . , n, and “extended”
YM , with the latter sitting in a representation, denoted by R1, of either O(D,D) or Ed(d).
Alongside these, we have also an auxiliary worldsheet one-form VMA . The worldsheet
inverse metric is γAB and the worldsheet alternating symbol is ǫAB with ǫ01 = −1. Then
we write the action as
S = −1
2
∫
d2σ T (M, q)√−γγAB
(
∂AX
µ∂BX
νgµν +
1
2
MMNDAYMDBY N
)
+ ǫABqMN
(BµνMN∂AXµ∂BXν +AµMDBY N∂AXµ + ∂AYMV NB ) , (1)
coupling to a background external metric, gµν(X,Y ), a “generalised” metric,MMN (X,Y ),
and to generalised gauge fields AµM (X,Y ) and BµνMN (X,Y ). The two-form BµνMN =
BµνNM in fact transforms in a particular O(D,D) or Ed(d) representation, R2, which lies
in the symmetric tensor product of the generalised coordinate representation with itself,
R2 ⊂ (R1 ⊗ R1)sym. We have the string charge qMN ∈ R¯2 which appears contracting
the multiplet of two-forms in the Wess-Zumino term in (1). Finally,we have written
DAY
M = ∂AY
M +AµM∂AXµ + VMA .
These background fields can depend in principle on any of the extended coordinates
YM subject to a choice of solution of the section condition, which requires a limited
coordinate dependence. This condition can be written as
∂ ⊗ ∂|R¯2 = 0 , (2)
i.e. any combination of two derivatives acting on fields or products of fields must van-
ish when projected into the R¯2 representation. It is common to introduce an invariant
tensor YMNKL proportional (for low enough d) to the projector onto the R2 represen-
tation, such that the section condition is often written as YMNPQ∂M ⊗ ∂N = 0. This
so-called Y-tensor appears in the definition of the generalised Lie derivative, LΛVM =
ΛN∂NV
M−V N∂NΛM+YMNPQ∂NΛPV Q [32], which defines the local symmetries of the
background spacetime, namely Ed(d) or O(D,D) valued diffeomorphisms associated to
the coordinates YM (rather than conventional GL(dimR1) diffeomorphisms). A solution
of the section condition is a choice of physical coordinates Y i ⊂ YM on which the fields
can depend such that (2) holds. In exceptional geometries, there is a d-dimensional solu-
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tion (corresponding to 11-dimensional M-theory), and inequivalent (d − 1)-dimensional
solutions corresponding to the 10-dimensional IIA and IIB theories [19, 33], while in
doubled geometry the solutions are D-dimensional and again correspond to IIA or IIB.
The string charge q ∈ R¯2 appearing in the Wess-Zumino coupling of the action (1)
is required in order to write down a coupling to the multiplet of two-forms Bµν ∈ R2.
This charge obeys a constraint
q ⊗ ∂|R3 = 0⇔ qPKY KLMN∂L = qMN∂P (3)
which should be thought as being solved after solving the section condition for ∂M ,
and which guarantees gauge invariance of the action. This charge also appears in the
“tension”, which is given by
T (M, q) ≡
√
MMPMNQqMNqPQ/2D , (4)
with D = d− 1 for the Ed(d) string. We will henceforth abbreviate T ≡ T (M, q).
The final ingredient in (1) is the auxiliary worldsheet one-form VMA , which is con-
strained such that VMA ∂M = 0, again to be thought as being imposed after first solving
the section condition. Integrating out the surviving components of VMA after solving this
constraint eliminates the dual coordinates from the action, imposing a twisted duality
constraint relating them to d − 1 physical coordinates, and reducing the action to the
usual action for a string or 1-brane.
It is important to emphasise that the whole action, including the appearance of the
auxiliary worldsheet one-form VMA and the charge constraint (3), follows from gauge
invariance, assuming the natural coupling to the two-form Bµν via q. For instance, in-
variance under the gauge transformation δBµν = ∂⊗Θµν |R2 , where Θµν ∈ R3, inevitably
requires (3).
Let us specify the precise details needed to specify the action (1) in the more familiar
doubled case, and as the exceptional sigma model.
• Doubled string. We have YM in the vector representation of O(D,D), so that R1 =
2D. The section condition involves a projection onto R2 = 1, and is equivalent to
ηMN∂M ⊗ ∂N = 0, with ηMN the inverse of the O(D,D) structure,
ηMN =
(
0 I
I 0
)
. (5)
Writing YM = (Y i, Y˜i), the standard solution to the section condition is that
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∂M = (∂i, 0), i.e. ∂˜
i = 0. We have YMNPQ = η
MNηPQ, and the charge can always
be written as qMN = TF1ηMN . As the generalised metric obeysMMNηNPMPQ =
ηMQ, the tension (4) reduces to T = TF1.
• Exceptional string: SL(5). This is the case when n = 7 and d = 4. The extended
coordinates are in the antisymmetric representation of SL(5), thus we write them
as Y ab = −Y ba, with a, b = 1, . . . , 5. We have R2 = 5¯, and the section condition is
ǫabcde∂bc ⊗ ∂de = 0. The Y-tensor is Y ab,cdef,gh = 4!δ[abcd]efgh. The string charge is qa
and obeys
qb∂ab = 0 . (6)
One three-dimensional solution of the section condition involves breaking SL(5) to
GL(3). Letting a = (i, 4, 5) with i = 1, 2, 3, we take ∂ab = (∂i5, 0). Then the only
allowed charge is qi = q5 = 0, q4 = TF1. This describes a type IIA string with
target space coordinates (Xµ, Y i5), after integrating out the non-zero components
of the auxiliary one-form. The tension is T = TF1.
Another solution involves breaking SL(5) to GL(3) × SL(2). Letting a = (i, α),
with i = 1, 2, 3 and α = 4, 5, we take ∂ab = (∂ij , 0). Then the only allowed charge is
qi = 0, qα 6= 0. This describes a type IIB (p, q) string with target space coordinates
(Xµ, Y ij), after integrating out the non-zero components of the auxiliary one-form.
The tension is proportional to T ∼√Hαβqαqβ, whereHαβ encodes the background
dilaton and RR 0-form as an SL(2)/SO(2) coset element.
• Exceptional string: general results. In general, the extended coordinates decom-
pose in terms of IIA and IIB physical and dual coordinates as follows:
YM =
(Y i, Y˜i, Y˜ , Y˜ij , Y˜ijkl, . . . ) IIA(Y i, Y˜iα, Y˜ijk, . . . ) IIB . (7)
In the IIA case, the dual coordinates written here are conjugate to winding modes
of the F1 string and Dp branes with p even. In the IIB case, they are conjugate
to winding modes of the F1 string and Dp branes with p odd: in fact the F1
and D1 winding coordinates appear together as the SL(2) doublet Y˜i
α. There
will also be coordinates conjugate to winding modes of the NS5 brane, Kaluza-
Klein monopole, and (for high enough d) other “exotic” branes, denoted by the
ellipsis in (7). The non-zero components of the charge, assuming the standard
5
10-dimensional solutions of the section condition, are always:
qMN =
qij = qj i ∼ TF1δij IIAqijα = qjα,i ∼ qαδij IIB (8)
(the S-duality SL(2) indices α, β can be raised and lowered using ǫαβ). Hence we
always obtain the F1 action in IIA, and the (p, q) string action in IIB. Note that
there are no solutions to the charge constraint (3) in the 11-dimensional solutions
of the section constraint, as there are no strings in M-theory.
1.2 Boundary conditions
The realisation of doubled D-branes using the doubled sigma model was discussed in
Hull’s paper [4], and further studied in [6, 7]. We now follow this approach and apply
it to the exceptional sigma model (1). For simplicity, we restrict to backgrounds with
AµM = BµνMN = 0. We will in fact consider the sigma model in terms of the action
S = −1
2
∫
d2σ T
√−γγAB
(
∂AX
µ∂BX
νgµν +
1
2
MMN∂AYM∂BY N
)
, (9)
supplemented by the constraint:
T
√−γγABMMN∂BY N = ǫABqMN∂BY N . (10)
This formulation is equivalent to that where the constraint is implemented by gauging
the shift symmetry in dual directions (a consequence of the section condition), leading
to the introduction of VMA as the gauge field for this symmetry [4, 5, 28,31]. (Note that
one could view this, when the background metrics are flat, as describing the exceptional
sigma model on the background R1,n−1×TdimR1 , i.e. on an “exceptional torus”.) Varying
(9) gives the following boundary terms:
δS ⊃ −
∫
d2σ ∂A
(
T
√−γγABδXµ∂BXνgµν + 1
2
T
√−γγABδY MMMN∂BY N
)
. (11)
Let us now work in conformal gauge, γ00 = −1 = −γ11, γ01 = 0, ǫ01 = −1. Our
interest is in the boundary conditions for the extended coordinates YM . For the time
being we will assume Neumann boundary conditions for the Xµ, that is ∂1X
µ = 0 at
the worldsheet boundaries at σ = 0, π, and comment on the imposition of Dirichlet
boundary conditions in these directions later (in section 2.3). So we are studying the
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boundary condition:
δY MMMN∂1Y N
∣∣∣
bry
= 0 . (12)
At σ1 = 0, let (PDir)
M
N denote the projector onto Dirichlet directions, and let (PNeu)N
M =
δMN − (P tDir)NM denote the Neumann projector. We have PDirδY = 0 = δY P tDir. This
implies that we have to require
(PNeu)M
NMNP∂1Y P = 0 (13)
at σ1 = 0. (So note the Neumann projector naturally acts on MMN∂1Y N , hence its
index structure). Compatibility with the constraint
qMN∂0Y
N = TMMN∂1Y N , (14)
then means
(PNeu)M
NqNP∂0Y
P = 0 , (15)
at σ1 = 0. This can be achieved if
(PNeu)M
NqNP = qMN (PDir)
N
P , (16)
which in turn implies
P tDirqPDir = 0 = PNeuqP
t
Neu . (17)
Evidently, at the other endpoint, σ1 = π, we introduce similarly projectors P˜Dir and
P˜Neu, which need not coincide with the ones at σ
1 = 0. Thus each endpoint of the string
can be attached to a different subspace of the full extended space. (However, for the rest
of this paper, we will assume that both endpoints of the string obey identical boundary
conditions.)
When we are dealing with the doubled string, the situation is geometrically appealing.
Note for O(D,D), we have qMN = ηMN (setting the tension TF1 to 1), which is invertible,
so that
PDir = η
−1PNeuη (18)
so Dirichlet and Neumann projectors are mapped into each other by applying η. Equiva-
lently, for every Dirichlet direction we have a Neumann direction, reflecting the fact that
T-duality interchanges these boundary conditions. A doubled D-brane then amounts to
a D-dimensional subspace of the 2D-dimensional doubled space, and the canonical form
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of the projectors PDir and PNeu is
PDir =
(
0 0
0 I
)
, PNeu =
(
I 0
0 0
)
. (19)
Depending on how one chooses the physical coordinates, the doubled D-brane will inter-
sect with the D-dimensional physical subspace in differing numbers of directions, and so
realises the full set of expected p-branes.
For the exceptional sigma model, the string charge qMN will not be invertible. The
“pairing” between Dirichlet and Neumann directions implied by (16) is then not fully
determined. The constraint (3) on the charge implies that it always takes the form (8),
so that we basically have
qMN =
0 I 0I 0 0
0 0 0
 (IIA) , qMN =

0 pI qI 0
pI 0 0 0
qI 0 0 0
0 0 0 0
 (IIB) . (20)
Note that (when either q = 0 or p = 0 in the IIB case) this is an embedding of the
SO(D,D) structure into Ed(d) language (breaking the latter to the former). In order to
find Neumann and Dirichlet projectors obeying (16) for qMN of the form (20), we will
use some additional information.
1.3 O, D
String theory also contains orientifold planes, which are (non-dynamical) extended ob-
jects carrying (negative) RR charge, and which appear alongside D-branes of the same
dimensionality (as required for charge cancellation). In particular IIA contains Op planes
and Dp branes with p even, while in IIB we have p odd (we only consider stable p-branes).
An elegant description of orientifold quotients (at the supergravity level) in exceptional
field theory was developed in [29]. For the standard orientifolds, we consider a quo-
tient by Z2 ⊂ Ed(d), with this Z2 acting “geometrically” on the fields and coordinates
of exceptional field theory according to how they transform as representations of Ed(d).
The fixed points of this Z2 define generalised orientifold planes as subspaces of the ex-
tended geometry. These intersect with the physical geometry (defined by the choice of
coordinates solving the section condition) in order to realise spacetime orientifold planes
of each dimension: in addition, one obtains descriptions of the heterotic supergravities
and of orbifolds of M-theory (including the Horˇava-Witten description of M-theory, or
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11-dimensional supergravity, on an interval). It is clear that in the section condition
solutions in which the generalised orientifold describes genuine type II orientifolds, that
the fixed point planes coincide with the subgeometry that should be spanned by an
exceptional notion of a D-brane.
The connection can be formalised using supersymmetry. Exceptional field theory de-
scribes maximal supergravity in 11 dimensions and lower (see for example [34]). In order
to describe backgrounds which break some supersymmetry, or truncations to theories
with less supersymmetry, an Ed(d) covariant notion of a half-maximal structure can be
defined [30]. This is a set of generalised tensors, globally defined on the physical space-
time underlying the exceptional field theory construction, obeying certain compatibility
conditions, whose existence is equivalent to that of a set of Killing spinors implying the
presence of half-maximal supersymmetry.
The generalised orientifold quotients (or “O-folds”) considered in [29] are restricted
by the requirement that they preserve the existence of the Ed(d) half-maximal structure,
and thus lead to configurations with half the supersymmetry. The important point for
us now is that D-branes themselves are of course half-BPS objects; this underlies how
they can appear alongside O-planes in half-maximal theories (type I and its T-duals).
Putting O and D together, we propose that we can use the Z2 transformation of [29]
to define the correct Dirichlet and Neumann projectors obeying (16), and which describe
therefore D-branes as “half-maximal subspaces” in the exceptional geometry of ExFT.
2 A definition of D-branes in exceptional geometry
2.1 D-brane structure
Now we give a formal definition of what we might choose to call a D-brane structure in
exceptional geometry. By exceptional geometry we mean either that appearing in excep-
tional field theory [18,19] or alternatively in exceptional generalised geometry [15–17]. In
exceptional field theory, we have fields depending on the extended coordinates (Xµ, YM ),
and generalised vectors and tensors transforming in the representations, R1, R2, R3, . . .
of Ed(d). In exceptional generalised geometry, we work with a generalised tangent bun-
dle E over a base manifold M , and this generalised tangent bundle carries an action of
Ed(d). To be precise, here we would take M to be a (d − 1)-dimensional manifold and
define a set of bundles R1, R2, R3, . . . , such that generalised tensors transforming in the
Rp representations of Ed(d) are sections of these bundles. For instance, the generalised
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tangent bundle itself is E = R1 with
R1 ≃ TM ⊕ T ∗M ⊕ Λ5T ∗M ⊕ (T ∗M ⊗ Λ6T ∗M)⊕ Λeven/oddT ∗M (21)
with the even/odd antisymmetric products corresponding to IIA and IIB respectively,
while
R2 ≃ R⊕ Λ4T ∗M ⊕ (T ∗M ⊗ Λ5T ∗M)⊕ Λodd/evenT ∗M ⊕ . . . (22)
where the ellipsis denotes additional factors needed for d = 7 [35]. We mentioned earlier
that the representation R2 is contained within the symmetric tensor product of R1 with
itself. This fact allows us to define a (symmetric) product ∧ : R1 × R1 → R2 which
takes a pair of sections of R1 and projects them into a section of R2, which we will use
below.
We can think of the extended geometry of ExFT as being locally isomorphic to
the extended tangent bundle E. We will therefore describe our D-brane structure in
terms of maps on E. In both cases, we will write partial derivatives ∂M . In ExFT, we
think of the choice of solution of the section condition as telling us which components of
these are non-zero, corresponding to derivatives with respect to the physical coordinates.
Then different choices of this solution correspond to IIA versus IIB. In exceptional
generalised geometry, we think of the physical coordinates of the underlying manifold
M as being embedded into ∂M with all other components zero. Then different choices
of this embedding are used for IIA versus IIB.
The data we use to specify a D-brane structure in exceptional geometry consists of:
• an involution Z : E → E, Z2 = 1, which defines projectors
P tNeu =
1
2
(1 + Z) , PDir =
1
2
(1 − Z) (23)
• a section of the R¯2 bundle, q, obeying the string charge condition
q ⊗ ∂|R3 = 0 . (24)
We can use this to define a degenerate bilinear form
q : E ⊗E → R , (U, V ) 7→ q(U, V ) , (25)
(which we could also see as a non-invertible map from the exceptional tangent
bundle E to its dual E∗, q : E → E∗) using the symmetric map ∧ : R1⊗R1 →R2,
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so that q(U, V ) ≡ q ·(U∧V ) where on the right hand side we use the natural pairing
between sections of R2 and R¯2, denoting this by a dot. We require that (this is
the condition (16) arising from the worldsheet boundary conditions and self-duality
constraint)
q(P tNeuU, V ) = q(U,PDirV ) , (26)
for arbitrary U, V ∈ Γ(E), or equivalently that
q(ZU,ZV ) = −q(U, V ) . (27)
This implies that (this is (17))
q(P tNeuU,P
t
NeuV ) = 0 = q(PDirU,PDirV ) , (28)
i.e. both the images of the projectors are null with respect to the string charge q.
• an Ed(d) half-maximal structure [30], consisting of d − 1 generalised vectors Ju ∈
Γ(E), u = 1, . . . , d − 1, and generalised tensors, K ∈ Γ(R2), Kˆ ∈ Γ(R¯2), obeying
certain compatibility conditions, and such that they are contained in the image of
the Neumann projector,
P tNeuJu = Ju PNeuK = K , PNeuKˆ = Kˆ , (29)
i.e. they are invariant under the involution. Note the compatibility conditions
include K · Kˆ > 0 and Ju ∧ Jv = δuvK. As we have firstly that q(Ju, Jv) = 0, it
also follows that q · (Ju∧Jv) = δuvq ·K = 0. Roughly speaking, both q and (K, Kˆ)
define separate SO(D,D) structures whose intersection determines the orientation
of the D-brane in the physical subspace. We have some further comments on this
in appendix B.
As in [6,7], we can also require the Dirichlet and Neumann projectors to be orthogonal
with respect to the generalised metric, and that the Neumann subbundle is integrable,
i.e. that PDirLP tNeuUP
t
NeuV = 0 for all U, V , where L is the generalised Lie derivative.
In components, given the transformation ZMN squaring to the identity, the crucial
conditions (24) and (27), become
qMKY
KL
PQ∂L = qPQ∂M , (30)
ZMPZ
N
QqMN = −qPQ , (31)
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and the preservation of the half-maximal structure Ju
M , KMN , KˆMN is that
ZMNJu
N = Ju
M , ZPMZ
Q
NK
MN = KPQ , ZMPZ
N
QKˆMN = KˆPQ . (32)
In practice, we can find ZMN as in [29] by picking a suitable form for the half-maximal
structure and working out the action of its stabiliser subgroup within Ed(d). Then we
specialise to a Z2 discrete subgroup of this stabiliser. This was worked out explicitly for
SL(5) and SO(5, 5) in [29] but applies for higher rank groups too (note that the details
of the half-maximal structure are slightly different in d = 7 [30]). In the next subsection,
we will use the results on SL(5) to explore how the above definitions work out in an
explicit example.
First, we can already give some general expressions. In particular, we can write down
ZMN explicitly acting on E in its decomposition into O(D,D) (really SO(D,D)) repre-
sentations by using the results of appendix B of [29]. Decomposing Ed(d) to SO(D,D)
with D = d−1, we have R1 = 2D⊕2D−1⊕ r, where for d < 6 the final representation r
is not present, for d = 6 it is the trivial representation, and for d = 7 it is another copy of
the fundamental. The representation 2D−1 is the Majorana-Weyl spinor representation
of (the double cover of) SO(D,D). This spinor can be viewed as the formal sum of even
or odd p-forms in spacetime, depending on its chirality. The case where it corresponds
to even p-forms is IIA, and the odd p-forms give IIB. (This is the opposite chirality to
the RR gauge fields themselves: this is because the R1 representation corresponds to the
gauge transformation parameters of these fields.)
An explicit realisation of this (as in [36]) involves introducing creation and anni-
hilation operators (ψi, ψi) (with i = 1, . . . ,D) obeying {ψi, ψi} = δij, {ψi, ψj} = 0,
{ψi, ψj} = 0. Defining a vacuum |0〉 such that ψi|0〉 = 0, we build spinors of definite
chirality by acting with an even or odd number of ψi on |0〉. Then when the Z2 trans-
formations acts on the doubled vector representation 2D as Z = diag(Ip,−In,−Ip, In)
(corresponding to n Dirichlet directions and p Neumann directions in the D-dimensional
physical space), it acts on the spinor as the operator 1
Zˆ ≡ (−1) 12 (N˜−1) , N˜ ≡
p∑
µ=1
ψµψµ +
n∑
a=1
ψaψ
a = N(p) −N(n) + n , (33)
1This is related to the operator Z˜ in [29] by Zˆ = iZ˜. This is because Z˜ acted on the spinor
corresponding to the RR fields themselves, while Zˆ acts on the spinor C corresponding to the extended
coordinates or equivalently to the gauge transformation parameters λ of the RR fields, which have
opposite chirality. The gauge transformation is δC = √2ψi∂iλ, and we have from [29] that Z˜ψi = iψiZ˜.
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where we split i = (µ, a) corresponding to the even and odd physical directions, and N(p)
and N(n) denote the number operators for the (ψµ, ψ
µ) and (ψa, ψ
a) spinor subspaces.
On a spinor state
χ ≡ 1
m!q!
Cµ1...µma1...aqψ
µ1 . . . ψµmψa1 . . . ψaq |0〉 (34)
we have
Zˆχ = (−1)(m+n−q−1)/2χ . (35)
Note that the action of Z and Zˆ does not correspond to a transformation in O(D,D) or
its double cover. In particular, Z sends the O(D,D) structure ηMN to −ηMN . Despite
this, they represent a symmetry of the doubled geometry, preserving the action and local
symmetry transformations (in which ηMN appears alongside its inverse: the combination
of the pair is invariant under the action of Z). Though Z always squares to one, we have
Zˆ2 = (−1)N˜−1. As N˜ = NF + n − 2N(n), Zˆ2 = 1 only if NF + n − 1 is even, hence if
NF is even/odd then n is odd/even. This picks out the conventional spinor and p-form
chiralities along with the correct D-brane dimensions in IIA and IIB.
By taking n = 0, so that Z = diag(ID,−ID) on the 2D representation, we obtain
Zˆ = (−1) 12 (NF−1), where NF is the total number operator. This must be odd, so this is
an action in IIB (in particular defining 9-branes). Then it is easy to see that Z˜ acts as
+1 on the p-forms with p = 1, 5, 9 and as −1 on the p forms with p = 3, 7. It follows
that acting on 2D⊕ 2D−1 there are thus D + (D3 )+ (D7) Dirichlet directions.
Ed(d) R1 2D 2
D−1 r Total
SL(3)× SL(2) (3,2) 2 0 - 2
SL(5) 10 3 1 - 4
SO(5, 5) 16 4 4 - 8
E6(6) 27 5 10 1 16
E7(7) 56 6 20 6 32
Table 1: Number of Dirichlet directions in the decomposition of R1 into O(D,D) repre-
sentations
The action of the Z2 transformation on the remaining representation r which appears
for d = 6 and higher can be found starting with [29]. A direct if unimaginative route,
therefore taken naturally by the present author, uses the information there about the
Z2 appearing in the Horˇava-Witten description of M-theory on an interval. As we know
how this acts on all the fields in the SL(5) ExFT, we learn how it acts in spacetime on
the metric, three-form, dual six-form and also on the dual graviton (which appears in
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certain Ed(d) representations).
2 Then we can reverse engineer the Z2 transformation in
the groups Ed(d) for d > 4 and count the number of minus signs. This is conveniently
done acting on the field AµM at the start of the ExFT tensor hierarchy, which is R1
valued. This reveals that for E6(6), the Z2 must end up acting as −1 on the representation
r = 1, and for E7(7) it must act as it does on the 2D representation on r = 2D. For
E8(8), a large number of additional dual fields make an appearance, so this method does
not immediately tell us the answer. We can note however the general pattern is that
there are always 2D−1 Dirichlet directions, as shown in table 1.
Let’s take stock of the general situation before we move on to an explicit example in
SL(5).
We have a Z2 transformation acting on the exceptional geometry of ExFT or gen-
eralised geometry, corresponding to that used originally in [29] to define a generalised
orientifold quotient. This Z2 preserves half-maximal supersymmetry. We can use it to
define a pair of projectors, PDir =
1
2(1 − Z) and P tNeu = 12(1 + Z), which can be used
to define Dirichlet and Neumann boundary conditions for the exceptional sigma model.
Consistency of these boundary conditions brings into play the string charge qMN , and
we must have ZPMZ
Q
NqPQ = −qMN . Allowed pairs (q, Z) obeying this compatibility
condition pick out D-branes as “half-maximal subspaces” of the exceptional geometry.
If we view the target space of the exceptional sigma model as an “exceptional torus”,
then the D-branes defined in this way wrap part of this torus. For SL(5), the branes
wrap a T 6 ⊂ T 10, for SO(5, 5) a T 8 ⊂ T 16, for E6(6) a T 11 ⊂ T 27 and for E7(7) a
T 24 ⊂ T 56. In addition, they wrap either the entire (11− d)-dimensional external space
or a subspace thereof (see the discussion in section 2.3). Overlapping the space wrapped
by the brane with the physical space selected by the choice of section condition allows
branes of different dimensionality in spacetime to appear from the same object in the
exceptional geometry.
Finally, we should note that the projectors PDir and PNeu can be used to define these
half-maximal subspaces wrapped by branes also when the compatibility condition with q
is not obeyed. In this case, the branes would not be interpreted as D-branes in spacetime.
Rather, they may be viewed as some sort of NSNS brane related to the existence of the
heterotic theories, as suggested in [37], or indeed as the Horˇava-Witten end-of-the-world
branes [38,39], as implied by the generalised orientifold analysis of [29].
2Specifically, g is even, C3 is odd, C6 is even and h8,1 is odd.
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2.2 Example: SL(5)
The d = 4 SL(5) exceptional geometry [18, 25, 33, 40] is an instructive example, and
one in which it is simple to enumerate all possibilities. We denote five-dimensional
fundamental indices by a, b. The Z2 involution obtained in [29] (and which we know
from the discussion there is compatible with the existence of the half-maximal structure)
can be taken to be:
Zab = diag(−δij,+1) . (36)
where i, j = 1, . . . , 4 label the four odd components of generalised tensors transforming
in the 5 or 5¯. Thus we write a = (i, s) with Zss = +1. The R1 representation is the
antisymmetric, thus generalised vectors V M are written as V ab with V ab = −V ba, and
we have ZMN given by
Zabcd ≡ 2Z [acZb]d , (37)
and projectors
(P tNeu)
ab
cd =
1
2
(
2δ[ac δ
b]
d + 2Z
[a
c Z
b]
d
)
, (PDir)
ab
cd =
1
2
(
2δ[ac δ
b]
d − 2Z [ac Z
b]
d
)
. (38)
These can therefore be written in the canonical form
ZMN =
(
2δ
[i
kδ
j]
l 0
0 −δij
)
, (P tNeu)
M
N =
(
2δ
[i
kδ
j]
l 0
0 0
)
, (PDir)
M
N =
(
0 0
0 δij
)
. (39)
(Note that our contraction convention is VMUM ≡ 12V abUab = 12V ijUij + V isUjs.) This
means that the components V ij of a generalised vector V M are even under Z, while the
components V is are odd.
The string charge or string structure is qa or qab,cd = ǫabcdeq
e. The condition (31)
imposes that qs = 0 or equivalently qij,kl = 0. The condition (30) requires that the
physical coordinates are embedded into ∂ab such that
qb∂ab = 0⇒ qi∂ai = 0 . (40)
We analyse what D-branes are possible by looking in turn at IIA and IIB embeddings,
and seeing what are the consequences for writing down Zab as in (36) with different
choices of the even index s such that Zss = +1. We can either view this as fixing
the involution Zab used to define the brane, and changing the choice of section (by
taking different decompositions of the SL(5) index a into GL(3) indices), or equivalently
as fixing the choice of section and taking all possible choices of Zab. Either point of
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view is compatible with the idea that we have a single extended notion of brane, whose
intersections with the physical subspace realises the full spectrum of standard branes:
this is maybe more manifest in the former picture (where we fix the brane definition and
rotate the section). However, we will adopt the language of the latter in practice, fixing
our notation for the physical solution of the section condition and changing the order of
the indices in Zab. In terms of the extended geometry, we think of the branes as fixed
in the Y is directions and therefore spanning the (Xµ, Y ij) directions.
• IIA: let a = (i, 4, 5) with s = 5, i = (i, 4). In this and all IIA cases, the non-
vanishing components of ∂M are ∂i5. The string charge q
i = (0, q4, 0) obeys the
defining conditions. Therefore we obtain a D-brane, with the Dirichlet projector
acting on spacetime vectors V i5 as −I. We may also note that the coordinates Y ij
are all dual coordinates. Thus the D-brane is extended in the directions Xµ alone:
this is therefore a D6 brane.
• IIA: let a = (i, 4, 5) with s = 4, i = (i, 5). The string charge is forced to vanish:
this is not a valid definition of a D-brane in type II theories. Referring to the
classification in [29], we see that in fact the Z transformation here would lead to
the heterotic E8×E8 theory when applied as a quotient. There are no D-branes in
the heterotic theories, so this is consistent. Another way to say the same thing is
to note that the physical directions (Xµ, Y i5) are all even and therefore the brane
in this case would be spacetime filling, but IIA does not have D9 branes. One can
also see that the M-theory direction Y 45 is odd under the Z2 - in the orientifold
picture, this is the Horˇava-Witten interval.
• IIA: let a = (i, 4, 5) with s = i for one of the i, say i = 3, so i = (1, 2, 4, 5).
The string charge qi = (0, q4, 0) obeys the defining conditions. Again we obtain a
D-brane. The Dirichlet projector acts on spacetime vectors V i5 = (V 15, V 25, V 35)
as diag(+1,+1,−1). This means that Dirichlet boundary conditions apply in one
direction in spacetime: the branes extend in the (Xµ, Y 15, Y 25) directions and are
therefore D8 branes.
• IIB: let a = (i, α) with s one of the α so that i = i and the other α index. In this
and the other IIB case, the non-vanishing components of ∂M are ∂ij. The string
charge is qa = (0, qα), and so has only one component. The Dirichlet projector acts
on the spacetime vectors trivially. Thus the branes are spacetime filling, extending
in the (Xµ, Y ij) directions. This corresponds to D9 branes, and their S-duals. To
be precise, when qα = (q, 0), corresponding to Zab = diag(−1,−1,−1,−1,+1) we
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obtain F1 strings and D9 branes, while when qα = (0, q), corresponding to Zab =
diag(−1,−1,−1,+1,−1) we obtain D1 branes and NS 9-branes. Interestingly, the
S-dual picture suggests that what we describe is a construction of the heterotic
string in terms of open D1 branes ending on NS 9-branes, as in [41].
• IIB: let a = (i, α) with s one of the i, say i = 3, so i = (1, 2, α). The string
charge is qa = (0, qα) and can have both components of qα non-zero. The Dirichlet
projector acts on spacetime vectors V ij = (V 12, V 13, V 23) as diag(+1,−1,−1). So
Dirichlet boundary conditions would apply in two directions in spacetime, defining
a brane extended in the (Xµ, Y 12) directions: therefore a D7.
2.3 Dirichlet conditions in external directions
We assumed in section 1.2 that the external directions Xµ obeyed Neumann boundary
conditions, so that the branes we are considering span the entire external space of the full
exceptional geometry (Xµ, Y M ). Naively, it might seem that one could instead have the
Xµ obey a mix of Neumann and Dirichlet conditions, resulting in p-branes for arbitrary
p in both the IIA and IIB embeddings! To rule out the wrong p branes in each case, it
is likely that one needs to return to the condition of half-maximal supersymmetry anew,
and check what happens when acting with an additional Z2 reflection on an external
direction. We will not attempt this analysis but rather offer one proposal to obtain the
correct branes.
We suppose we pick a single Xµ direction to be Dirichlet. The interchange of Neu-
mann and Dirichlet boundary conditions could be seen as the result of T-dualising in this
direction. We want to implement this interchange of IIA and IIB directly on the excep-
tional geometry.3 The first observation towards this end is that the T-duality swapping
IIA and IIB is not an Ed(d) transformation, as Ed(d) contains only the SO(d− 1, d − 1)
symmetry of IIA and IIB separately as a subgroup. However, after decomposing YM
into GL(d − 1) representations, one can identify separate sets of IIA and IIB physical
coordinates and view the exchange of these coordinates as an outer automorphism as
in [42]. For example, for SL(5), we decompose Y ab = (Y i5, Y ij, Y i4, Y 45) and the outer
automorphism acts by swapping Y i5 ↔ Y ij . Let us call this transformation σ. We
propose that switching a single Xµ from Neumann to Dirichlet corresponds to acting on
the exceptional geometry with the transformation σ, Y 7→ σ(Y ). Thus, in particular,
3A fun experiment is also to perform the T-duality on the exceptional sigma model worldsheet action
(1) itself, resulting in some complicated transformation of the background fields whose meaning is not
immediately clear (nor immediately helpful in the present circumstances), and in fact may be one step
towards enlarging Ed(d) to Ed+1(d+1).
17
denoting YM = (Y (A), Y (B), Y˜ ), the diagonal Z2 transformation Z = diag(Z
(A), Z(B), Z˜)
becomes Z ′ ≡ σZσ−1 = diag(Z(B), Z(A), Z˜).
Then we have
P ′Dir =
1
2
1− Z
(B) 0 0
0 1− Z(A) 0
0 0 1− Z˜
 (41)
so that in the theory with coordinates Y ′ the number of Dirichlet directions in the Y ′(A)
IIA physical directions is equal to the number of Dirichlet directions in the original Y (B)
IIB physical directions, and vice versa.
We also need to consider the action of σ on the string charge q. To be able to
immediately carry across the branes determined by the definition when all external
directions are Neumann, we require that q be invariant under σ. On the IIB side,
this means restricting the IIB charge qα to correspond to F1 strings alone. Then qMN
takes the form (20) with p 6= 0, q = 0, and is unchanged on swapping the IIA and
IIB coordinates. For instance for SL(5) one has qij,k5 = qk5,ij = ǫijk,
4 invariant under
Y ij ↔ Y i5. By eliminating the S-duals of the original IIB D-branes from the set of
possibilities, we ensure that we find only the expected D-branes of each dimension.5
Clearly if we then impose Dirichlet boundary conditions on a second external coor-
dinate, we apply σ again, but σ2 = 1, so this brings us back to the original situation.
Hence the results of the previous subsection for Dp branes (but not the S-duals on the
IIB side) in SL(5) can be interpreted as holding “modulo 2”. In this way, we can indeed
define D-branes with any number of external Dirichlet directions: when this number is
odd, we have to use the additional symmetry σ.
3 D-branes in S- and U-folds
We will now apply our definition of D-branes in the SL(5) ExFT to the situation where
we have some non-trivial U-duality monodromy, and want to know which D-branes are
compatible with this monodromy. This is a step towards understanding D-branes in
U-folds, and generalises the T-fold analysis of [6,7]. As a proof of concept, we will focus
4Here and below we denote by ǫijk the alternating symbol with ǫ123 = 1.
5In principle, suppose we start with the D7 and consider its S-dual 7-brane, on which D1 branes end.
T-dualising this along worldvolume directions will lead to p-branes, p < 7, which are not D-branes (they
will depend on the string coupling gs as g
α
s for α < −1), and on which Dp′ branes, p′ > 1, end. These
will not be found when our string charge qMN obeys the constraint (30) and corresponds to 1-branes in
10-dimensions. However, on assuming isometries we may be able to describe more general branes ending
on branes - see the comment in the final discussion - which should follow from relaxing the restriction
here to q invariant under σ.
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on some illustrative examples in the IIB case, and leave an exhaustive classification for
future work.
3.1 SL(5) duality in IIB
We will focus on the 10-dimensional extended geometry of the SL(5) ExFT, described
by the generalised metric MMN , which here can be written as Mab,cd = 2ma[cmd]b in
terms of a symmetric unit determinant “little metric” mab [40, 43]. In the IIB solution
of the section condition [33], we parametrise a generalised tensor V a as V a = (Vi, V
α),
with i = 1, 2, 3, and α = 4, 5. This unusual convention for the GL(3) index i is such
that the extended coordinates are Y ab = (Yij, Yi
α, Y αβ) with the physical coordinates
Y i ≡ 12ǫijkYjk carrying the usual upper index. Then we parametrise the little metric
mab by
mab =
(
δik v˜
iγ
0 δγα
)(
g3/5gkl 0
0 g−2/5Hαβ
)(
δjl 0
v˜jδ δδβ
)
=
(
g3/5gij + g−2/5Hγδ v˜iγ v˜jδ g−2/5Hβγ v˜iγ
g−2/5Hαγ v˜jγ g−2/5Hαβ
)
.
(42)
Here gij is the inverse spacetime metric, v˜iα ≡ 12ǫijkC˜jkα corresponds to the RR/NSNS
2-form doublet, with Cij
α = (Cij, Bij), and
Hαβ = eΦ
(
1 C0
C0 e
−2Φ +C20
)
(43)
contains the dilaton and RR 0-form.
U-duality transformations act such that
mab → (U t)acmcdUdb , V a → (U−1)abV b . (44)
Geometric U-dualities include shifts of the two-forms, v˜iα → v˜iα + Ωiα, and GL(3)
coordinate transformations generated by
(UΩ)
a
b =
(
δji 0
Ωjα δαβ
)
, (UA)
a
b =
(
(detA)3/5(A−1)i
j 0
0 (detA)−2/5δαβ
)
. (45)
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We also have non-geometric U-dualities which shift “bivectors”, generated by
(Uω)
a
b =
(
δji ωiβ
0 δαβ
)
, (46)
and SL(2) S-dualities
(US)
a
b =
(
δji 0
0 Sαβ
)
, Sαβ =
(
d b
c a
)
, ad− bc = 1 , (47)
such that τ → (aτ + b)/(cτ + d) for τ = C0 + ie−Φ.
3.2 SL(5) U-folds in IIB
We want to consider configurations where the exceptional geometry is patched by SL(5)
transformations. The stereotypical situation is that our fields depend on some periodic
coordinate θ, and we have a monodromy mab(θ +2π) = (U
t)a
cmcd(θ)U
d
b. For instance,
we could tread the well-worn path of considering a three-torus with flux of the NSNS
two-form (as inspired by [44,45] and here essentially following the duality chains in [46]):
ds2E = ηµνdx
µdxν + δijdy
idyj , B12 = Hy
3 , eΦ = 1 . (48)
We have written the 10-dimensional Einstein frame metric gˆµˆνˆ in a 7 + 3 split of the
coordinates, µˆ = (µ, i), with “external” directions µ = 0, . . . , 6 and “internal” directions
i = 1, 2, 3, which is appropriate for the SL(5) ExFT. Our D-brane conditions will give
us information about branes wrapping the internal directions.
The metric components appearing in the IIB generalised metric are gij ≡ gˆij. In the
absence of off-diagonal components, the combination gµν ≡ (det gij)1/5gˆµν is invariant
under SL(5) U-duality transformations.
The little metric for the background (48) is:
mab =

1 0 0 0 0
0 1 0 0 0
0 0 1 + (Hy3)2 0 Hy3
0 0 0 1 0
0 0 Hy3 0 1
 . (49)
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We will generate a new background by U-dualising with the transformation
Uab =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 −1 0 0
 , (50)
which in fact amounts to T-dualising in the y1, y2 directions. This leads to the Einstein
frame configuration (the quantity in square brackets is the string frame metric):6
ds2E = e
−Φ/2
[
ηµνdx
µdxν + (dy3)2 +
1
1 + (Hy3)2
((dy1)2 + (dy2)2)
]
,
B12 = − Hy
3
1 + (Hy3)2
,
eΦ = (1 + (Hy3)2)−1/2 .
(51)
This is non-geometric for y3 → y3 + 2π, and transforms as a T-fold under an SO(2, 2)
duality transformation embedded in SL(5) as a Uω of the form (46) with
ωiα = 2πH
0 00 0
0 −1
 . (52)
Acting with S-duality (47) with b = 1, c = −1, a = d = 0, on the configuration (51)
trivially generates a genuine U-fold,
ds2E = e
Φ/2
[
ηµνdx
µdxν + (dy3)2 +
1
1 + (Hy3)2
((dy1)2 + (dy2)2)
]
,
C12 = − Hy
3
1 + (Hy3)2
,
eΦ = (1 + (Hy3)2)1/2 ,
(53)
6In terms of the string winding coordinates of the original background (48), the coordinates here are
y1 ≡ y˜1 and y2 ≡ y˜2.
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with the U-fold monodromy again of the form (46) with
ωiα = 2πH
 0 00 0
−1 0
 . (54)
Alternatively, we could S-dualise the original configuration (48), and then act with (50),
leading to a configuration with a flat background metric, vanishing two-forms, and
Hαβ =
(
1 Hy3
Hy3 1 + (Hy3)2
)
⇒ C0 = Hy3 , eΦ = 1 . (55)
This is an S-fold in that the monodromy lies in the SL(2) S-duality subgroup, and
amounts to shifting C0 → C0 + 2πH.7 If we act with the fundamental S-duality again,
we get
Hαβ =
(
1 + (Hy3)2 −Hy3
−Hy3 1
)
⇒ C0 = − Hy
3
1 + (Hy3)2
, eΦ =
1
1 + (Hy3)2
, (56)
which is a “non-geometric” S-fold with a = d = 1, b = 0 and c = −2πH.
All the above configurations are meant to be illustrative examples of these standard
monodromies. One can generate more realistic backgrounds by starting with the solution
for the NS5 brane in place of the three-torus with H-flux given in (48), smearing twice
in transverse directions and then dualising as above. Such chains of dualities are also
discussed in [46], and lead to non-geometric exotic branes [47].
3.3 Monodromies, string charges and D-branes
Now let’s discuss how to make statements about strings and D-branes in U-folds using
the previous discussion. In SL(5) exceptional geometry, we needed to combine the string
charge qa with the Z2 transformation Z
a
b in order to define D-branes. We suppose that
we can apply this definition to backgrounds with non-trivial SL(5) monodromies. Under
the monodromy transformation Uab, we have q
a → Uabqb and Zab → (U−1)acZcdUdb.
We want to see how this affects the Dirichlet boundary conditions defined using the
Z2 transformation. For consistency, we require that the monodromy lead to the same
7This is the monodromy of the D7 brane. Thinking of (48) as a simplified configuration inspired by
the NS5 brane, the duality chain here can be seen as S-dualising to the D5 and then T-dualising to the
D7.
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boundary conditions.8
In the IIB case, the non-zero components of the string charge lay in the SL(2) di-
rections, thus qa = (0, qα). This is trivially preserved (up to a scaling in the case of
UA) under geometric U-dualities (45). Let us therefore consider the more interesting
situations where we have monodromies lying in the S-duality subgroup or of the non-
geometric type (46).
Under S-dualities, we have qα → Sαβqβ. The Z2 leading to D7 branes wrapping a
single direction of the internal space is Zab = diag(−1,−1,+1,−1,−1). This is clearly
preserved by S-duality transformations (47). Altogether the pair (qα, Zab) transform
under an S-duality monodromy to (Sαβq
β, Zab). One can consider this as telling us that
the 7-brane on which (p, q) strings with charge qα end is transformed into the 7-brane
on which the (p, q) strings with charge Sαβq
β end. This is what one would expect.
The Z2 leading to 9-branes wrapping all three directions of the internal space is
Zab = diag(−1,−1,−1,±1,∓1). The S-duality transformation (47) turns this into
Zab =

−1 0 0 0 0
0 −1 0 0 0
0 0 −1 0 0
0 0 0 ±(1 + 2bc) ±2ab
0 0 0 ∓2cd ∓(1 + 2bc)
 . (57)
This leads to a Dirichlet projector such that (we label a = (i, 4, 5) and do not lower the
i = 1, 2, 3 indices for convenience)
(PDirδY )
ij = 0 ,
(PDirδY )
i4 =
1
2
(δY i4 ± (1 + 2bc)δY i4 ± 2abδY i5) ,
(PDirδY )
i5 =
1
2
(δY i5 ∓ (1 + 2bc)δY i5 ∓ 2cdδY i4) ,
(PDirδY )
45 = δY 45 .
(58)
With the upper sign, the original Dirichlet condition was δY i4 = 0 = δY 45. The trans-
formed Dirichlet conditions (58) are equivalent to these only if ab = 0 = bc. Conversely,
with the lower sign, the original Dirichlet condition was δY i5 = 0 = δY 45. The trans-
formed Dirichlet conditions are then equivalent only if bc = 0 = cd. For instance, this
tells us in the latter case (lower sign) that we cannot have branes wrapping the internal
8Technically one need only actually require [6] that there is some integer m such that
(U−m)acZ
c
d(U
m)db imposes the same boundary conditions. Our examples will only feature m = 1.
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space in the non-geometric S-fold (56) for which cd 6= 0. However, they would be allowed
in the former case (upper sign), as b = 0. Additonally, the monodromy will lead to a
mixed type of string/brane combination (that is, some mixture of F1/D9 and D1/NS9)
unless qα is preserved.
Next, we consider the non-geometric U-dualities (46). Under these, we have qa →
(ωiβq
β, qα). The transformed charge qa will in this case not obey the charge condition
qb∂ab = 0 unless ω[i|αq
α∂j] = 0. Dualising the indices on ωiα, this is the same as
qαωijα∂k = 0. In this dualised form, ω
ij
α can be seen as the shift in a bivector C˜
ij
α. For
generic qα, this tells us that in order to have well-defined strings we need the indices i, j
for which the bivector has non-zero components to correspond to isometry directions.
(This condition is frequently used for the bivector in the NSNS sector [48].) Observe
that this is the case in the backgrounds (51) and (53), for which we have ω12α 6= 0, after
T-dualising on the y1 and y2 directions, which were isometries.
We now consider the action of Uω on the transformation Z
a
b. In general, we find
that the monodromy turns Zab into
Z ′ab ≡ (U−1ω ZUω)ab =
(
Zi
j Zi
kωkβ − ωiγZγβ
0 Zαβ
)
. (59)
Clearly, Zab will be preserved if the top-right block vanishes, so that the boundary
conditions are trivially invariant under the monodromy. For the D7 case, we have Zαβ =
−δαβ, and Zij acting as −1 in two directions and +1 in the other direction. Then the
top-right block of (59) is non-zero if ωi+α 6= 0, where i+ denotes this even direction. For
the D9 case, we have Zij = −δij and Zαβ = diag(±1,∓1), so this is non-vanishing if
either ωi4 or ωi5 is non-vanishing, depending on the sign choice.
Let us look at the D7 case in more detail. We consider the case Zij = diag(−1,−1,+1)
corresponding to a brane wrapping the Y 12 direction, and the monodromy determined
by ω3α ≡ (ω, ω˜), which can describe the examples (51) and (53) (in which Y 12 ≡ y3).
The transformed Zab is
Z ′ab =

−1 0 0 0 0
0 −1 0 0 0
0 0 +1 2ω 2ω˜
0 0 0 −1 0
0 0 0 0 −1
 . (60)
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We again analyse the Dirichlet projection condition, finding that
(PDirδY )
12 = (PDirδY )
14 = (PDirδY )
24 = (PDirδY )
15 = (PDirδY )
25 = (PDirδY )
45 = 0 ,
(61)
and
(PDirδY )
13 = δY 13 + ωδY 14 + ω˜δY 15 ,
(PDirδY )
23 = δY 23 + ωδY 24 + ω˜δY 25 ,
(PDirδY )
34 = δY 34 + ω˜δY 45 ,
(PDirδY )
35 = δY 35 − ωδY 45 .
(62)
The original Dirichlet projection sets δY 13 = δY 23 = δY 34 = δY 35 = 0. Thus this
describes a brane wrapping the direction Y 12 of the internal space, and fixed in the
directions Y 13 and Y 23. The transformed projection (62) is however inequivalent. This
rules out D1 branes wrapping the direction y3 in the T-fold background (51), which is
the “base” direction, in agreement with [6], and also in the S-dual. Note though that
for the same monodromy, the cases Zij = diag(+1,−1,−1) and Zij = diag(−1,+1,−1),
corresponding to branes wrapping just the y1 and y2 directions, are allowed (Zab is
invariant), as found in [7].
Now examine the D9 case, for
Zab =

−1 0 0 0 0
0 −1 0 0 0
0 0 −1 0 2ω˜
0 0 0 −1 0
0 0 0 0 +1
 , (63)
where we take ωiα to have only one non-vanishing component in order to preserve the
string charge (assuming isometries as above). We yet again analyse the Dirichlet pro-
jection condition, finding that
(PDirδY )
12 = (PDirδY )
14 = (PDirδY )
24 = 0 , (64)
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and
(PDirδY )
13 = ω˜δY 15 ,
(PDirδY )
23 = ω˜δY 25 ,
(PDirδY )
45 = δY 45 ,
(PDirδY )
15 = δY 15 ,
(PDirδY )
25 = δY 25 ,
(PDirδY )
34 = −ω˜δY 45 ,
(PDirδY )
35 = δY 35 .
(65)
These are consistent with the original projection conditions: therefore we can have three-
branes in the T-fold background (51), again agreeing with [6]. S-duality interchanges
the 4 and 5 indices, and shows that these three-branes are also possible in the U-fold
S-dual to (51).
It is clear how to continue this analysis for other monodromies, and also in the IIA
case. We hope that the above discussion demonstrates the general situation adequately.
4 Discussion
In this short paper, we have scratched the surface of the topic of D-branes, and some of
their S-duals, in exceptional geometry. This involved combining previous work on strings
whose target space is this exceptional geometry [27, 28] with the study of generalised
orientifolds in ExFT [29], providing a promising route in to the study of D-branes in
this setting. We would like to propose a number of developments one could now attempt
building on this work.
More on D-branes. We only studied the simplest examples of D-branes in this paper.
One could say much more about their presence or absence in U-folds. For instance, we did
not consider locally non-geometric examples, where the background spacetime depends
explicitly on dual coordinates. The description of D-branes in T-folds was recently
revisited in [49, 50] in order to take decoupling limits leading to non-commutative and
non-associative theories on the D-brane worldvolume: we should explore how the obvious
generalisations to U-folds may work.
We briefly mentioned the possibility of having different boundary conditions at the
string endpoints, attaching each end of the string to separate subspaces of the exceptional
geometry. This would involve a pair of projectors, PDir, P˜Dir, each compatible with the
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same string charge q but in general preserving different half-maximal structures. Overall
this would generically give a configuration with less SUSY. There is then likely a neat
classification of such intersecting brane configurations available with this approach.
It might also be possible to study D-branes in so-called non-Riemannian backgrounds
[51, 52], where the generalised metric cannot be parametrised in terms of an invertible
spacetime metric: this might allow a novel way to define D-branes in non-relativistic
theories, for instance.
Heterotic strings? In the IIB case, our definition led also to the S-duals of the usual
D-branes. This included not only the (p, q) 7-branes, but also an S-dual of the D9 brane.
This would be an NS9 brane on which open D1 branes end. This should correspond in
fact to the heterotic SO(32) string, and so it is natural to ask whether the open string
version of the exceptional sigma model provides a novel and perhaps unexpected duality
symmetric treatment of the type I and heterotic strings, combining insights from this
paper with the results of [29, 41].
Branes ending on branes. We had string charges q obeying the constraint q⊗∂|R3 = 0,
which we solved assuming the derivative ∂M corresponded to the solutions of the section
condition giving 10-dimensional IIA or IIB. In principle, if we assume isometries, so that
∂M = 0, then the charge q is unconstrained, and describes the full Ed(d) multiplet of
strings obtained in (11−d) dimensions by partially wrapping branes on a T d−1 torus. In
this case, the definition for D-branes we used may also describe the embedding into the
exceptional geometry of the more general set of branes on which these partially wrapped
branes can end.
One could potentially also proceed to study higher rank branes directly. For instance,
membranes in exceptional geometry must be characterised by a charge q˜ ∈ R¯3, obeying
constraints such as q˜ ⊗ ∂|R4 = 0. Requiring for example q˜MNP = −ZKMZLNZQP q˜KLQ
with the same Z2 may then allow us to obtain exceptional geometric definitions of
the branes on which membranes end. Indeed, for SL(5) this charge can be seen to
be q˜a, obeying q˜[a∂bc] = 0. In the M-theory solution of the section condition we have
∂i5 6= 0, i = 1, 2, 3, 4, so that q˜5 6= 0, q˜i = 0, informing us of the existence of the
M2. Requiring Zabq˜a = −qb, this is compatible with a Z2 transformation of the form
Zab = diag(−1,−1,−1,+1,−1), such that the projectors imply the brane wraps the
three directions Y 15, Y 25, Y 35 in the internal space. This suggests it is an M9 brane, as
in Horˇava-Witten [38,39], on which M2 branes do end.
Brane actions. It would be interesting to formulate fully Ed(d) covariant actions
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for the branes discussed in this paper. Some approaches to D-branes in the O(D,D)
case which may be applicable include [14,53,54] (see also [55] for (NS)5-branes in DFT
and [56] in ExFT). In fact, the paper [57] has already described U-duality covariant
expressions for the Wess-Zumino terms of D-branes in various dimensions. Interestingly,
this involved a doubling of the number of worldvolume scalars corresponding to internal
directions. In an approach based on the exceptional geometry of ExFT, we would want
to embed these doubled coordinates into the full extended coordinates YM (this may
be reminiscent of how the exceptional sigma model contains a reduction to the doubled
sigma model [28]), and also to understand the YM -dependent gauge transformations
of the generalised gauge field to which the brane will couple electrically. The most
natural case to consider is that of branes which are external spacetime filling, and so
couple to an Ed(d) multiplet of forms Cµ1...µn which lies beyond the usual tensor hierarchy
construction needed in ExFT. The Ed(d) representations of these forms and the structure
of the charges to which they couple (the generalisations of the string charge q appearing
in the exceptional sigma model) have been described in [57].
More on the geometry. We would also like to obtain a more comprehensive under-
standing of the geometry of the subspaces defined by our projectors. The numerology of
the number of Dirichlet directions is quite appealing (see table 1) in this regard. There
may also be more to say about the interplay between the string charge q and the half-
maximal structure (see appendix B). Another observation is the following. In doubled
geometry, one can view the D-dimensional D-brane as well as the physical subspace as
maximally isotropic subspaces of the 2D-dimensional space. This way of viewing the
physical subspace is important for generalised dualities using the notion of a Drinfeld
double [58]. Perhaps similar structures, and generalised generalised dualities, are implied
by the branes in exceptional geometry.
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A SL(5) IIB (p, q) strings
This is a check on our conventions for labelling the SL(2) indices on the IIB solution of
the section condition in SL(5). The tension (4) of the SL(5) exceptional sigma model is
T =
√
mabqaqb. In the IIB parametrisation given by (42) and (43), this becomes, with
qa = (0, qα), α = 4, 5,
T =
√
(q4 + C0q5)2 + e−2Φ(q5)2e
Φ/2(det gij)
−1/5 . (66)
After integrating out the non-zero components of the auxiliary worldsheet field VMA , the
exceptional sigma model becomes (µˆ, νˆ are 10-dimensional indices, gˆµˆνˆ is the Einstein
frame metric and Bˆµˆνˆα is a doublet of two-forms in 10 dimensions):
S = −1
2
∫
d2σ
√−γγAB
√
(q4 + C0q5)2 + e−2Φ(q5)2e
Φ/2gˆµˆνˆ∂AX
µˆ∂BX
νˆ
+ ǫABqαBˆµˆνˆα∂AX
µˆ∂BX
νˆ .
(67)
We see that q4 6= 0, q5 = 0 gives the fundamental string, while q5 6= 0, q4 = 0 gives a D1
action. This requires Bˆµˆνˆα = ǫαβBˆµˆνˆ
β with Bˆµˆνˆ
α = (Cˆµˆνˆ , Bˆµˆνˆ).
B Comments on half-maximal structures and O(D,D)
Our definition of the D-brane structure in exceptional geometry in section 2.1 included
compatibility with a Neumann projected half-maximal structure, involving Ju ∈ Γ(R1)
and K ∈ Γ(R2), such that q(Ju, Jv) = 0, q · K = 0. In [30], O(D,D) half-maximal
structures are discussed. These correspond to particular embeddings of O(D) ⊂ O(D)×
O(D) ⊂ O(D,D). The paper [30] looked in detail at a half-maximal structure JMu
such that ηMNJ
M
u J
N
v = δuv. As qMN = ηMN in this case, this is naively at odds
with our definition. However, the choice of the JMu corresponds to identifying O(D)
with one of the factors in the denominator subgroup O(D)×O(D), and allows them to
be interpreted as the left-moving generalised vielbein. There are also the right-moving
vielbein J˜Mu obeying ηMN J˜
M
u J˜
N
v = −δuv. We conjecture that what seems natural for the
D-brane structure, based on the form of supercharges preserved by open string boundary
conditions on the worldsheet, would be to consider linear combinations JMu + J˜
M
u of
putative left- and right-moving half-maximal structures, i.e. a diagonal embedding into
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O(D)×O(D). In the absence of a B-field, one can take these vielbein to be
JMu =
1√
2
(
eu
i
eui
)
J˜Mu =
1√
2
(
e˜u
i
−e˜ui
)
, (68)
in terms of separate left and right vielbein for the spacetime metric. Fixing e = e˜, the
sum and difference
JMu + J˜
M
u =
√
2
(
eu
i
0
)
, JMu − J˜Mu =
√
2
(
0
eui
)
(69)
are naturally Neumann and Dirichlet projected for PNeu = diag(I, 0), PDir = diag(0, I),
corresponding to a spacetime filling D9 brane. Indeed, in flat backgrounds at least, one
can consider then combinations JMu +PMN J˜Nu where PMN ∈ O(D,D) is the geometric
transformation acting as a reflection in D−p−1 directions, in order to describe p-branes.
It is also interesting to consider the explicit reduction to O(D,D) of our definition.
Consider again SL(5), let the 5-dimensional fundamental index a = (i, 4, 5) and fix
q4 6= 0, qi = q5 = 0, so that the string charge defines F1 strings (in both IIA and
IIB). Because we require Zabq
b = −qa but ZbaKb = Kb, this means we have K4 = 0.
Normally, the idea is to fix K♯ 6= 0, Kα = 0, for a = (α, ♯), such that the compatibility
condition Ju ∧ Jv = δuvK becomes
δuvK♯ =
1
4
ǫ♯αβγδJ
αβ
u J
γδ
v , 0 = J
[αβ
(u J
γ]♯
v) . (70)
Then picking Jα♯u = 0, and rescaling J
αβ
u by a power of K♯ (which is proportional to the
generalised dilaton e−2d), this is equivalent to JMu J
N
v ηMN = δuv after splitting α = (i, 5)
with JMu = (J
i5
u , J
ij
u ), i, j = 1, 2, 3. This gives the O(D,D) half-maximal structure
selected in [30]. For us, the “physical” coordinates are fixed by the choice of qa (via the
string charge constraint (30)) and the O(D,D) structure determined by the choice of
which component K♯ is non-zero will not coincide with the natural Ed(d) → (S)O(D,D)
picked out by the coordinates.
For instance, if K5 6= 0, Ki = K4 = 0, we find the SL(5) generalised vector Jabu
reduces to a non-zero O(D,D) vector and spinor, with
JMu =
(
0
J iju
)
, JIu =
(
0
J i4u
)
(71)
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(I is a four component spinor index). The compatibility constraints are now
JMu J
M
v ηMN = δuvK5 , γMIJJ
M
(u J
J
v) ∼ δuvKI , (72)
involving an off-diagonal block of the O(3, 3) gamma matrices. As JMu in (71) is meant
to be Neumann projected, we can see that when the physical coordinates are Y ij , i.e.
in IIB, this corresponds to a D9 brane (because PNeu = diag(I, 0)), while when the
physical coordinates are Y i5, i.e. in IIA, this corresponds to a D6 brane (because PNeu =
diag(0, I)). Taking Ki 6= 0 gives again the conditions (72) with particular forms of Ju
and K corresponding to the D7 and D8 cases.
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